char, k = 0, or char, k = p and deg £ > (2/p) {g -1). In this paper we show (for bundles of any rank) that E is ample, if X is an elliptic curve ( § 1), or if k is the complex numbers ( § 2), but not in general ( § 3). In a fourth section of the paper, independent of the others, we show that a curve generating an abelian variety has an ample normal bundle. This has applications to the theory of formal-rational functions and cohomological dimension.
To prove our theorem for elliptic curves in characteristic zero, we use Atiyah's classification of vector bundles and his explicit description of the multiplicative structure. For elliptic curves in characteristic p, we use a theorem of Oda which gives conditions for the frobenius map on cohomology to be injective. For curves of genus g^2 over the complex numbers, we use a theorem of Narasimhan and Seshadri relating stable vector bundles to unitary representations of the fundamental group. In §3 we give a counterexample of Serre, which is a bundle of rank 2 on a curve of genus 3 over a field of characteristic 3. In this example the Hasse-Witt matrix of the curve is identically zero.
We have not been able to find a satisfactory criterion for ampleness on curves in characteristic p. Would the above result hold, for example, on a curve whose Hasse-Witt matrix is non-singular?^ The elucidation of this question calls for a more profound study of extensions of vector bundles, and their behavior under frobenius. § 1. Bundles on elliptic curves
In this section we show that an indecomposable bundle on an elliptic curve is ample if and only if its degree is positive. Atiyah [1] has classified vector bundles on an elliptic curve. In characteristic zero he has also described the multiplicative structure: for indecomposable bundles E t and E 2 , he gives the indecomposable direct summands of Ei0E 2 . The idea of our proof, in characteristic zero, is to calculate E® n for large n, using Atiyah's explicit description. It is then easy to see when E is ample.
In characteristic p 9 we prove our theorem by descending induction on the degree of E. The crucial step is to replace E by its frobenius pullback f*E, which has larger degree. We need to know that certain extensions of vector bundles do not split when pulled back by frobenius. For this we use a theorem of Oda, which gives conditions for the induced action of frobenius, f*:H ι {E) >H ί {f^E), to be injective.
We begin by recalling the classification of vector bundles due to Atiyah. Fix an elliptic curve X over an algebraically closed field k. For any r, d 9 let i?(r, d) be the set of indecomposable bundles on X of rank r and degree d. Then one can choose one bundle E(r 9 d) e g^r, d), for each r, d 9 such that any other bundle £eif(r, d) is of the form E{r,d)(g)L for some Leg*(l,0). In particular, we choose E{r,0) to be the unique element of ξf{r,0) with H° ψ 0, and we denote it by F r . We will use this notation, and other results of Atiyah's paper as needed. section, by the lemma, and hence it has a sub-line bundle M of degree ^0. But then Mis a quotient line bundle of E of degree:<0, which is impossible.
If deg E = 0, then E = F r ®L for some line bundle L of degree 0. Thus E has L as a sub-line bundle [1, Thm. 5], so E has L as a quotient line bundle, which is impossible.
(iii) -> (i) is trivial.
NOTE: It is easy to show that these equivalences fail on a curve of genus g > 1. If E is ample, then every quotient invertible sheaf L of E is ample, so has degree >0, so E satisfies the conditions of the proposition. For the converse, we will separate cases according to the characteristic of k. Proof. We will use Atiyah's results on the multiplicative structure of bundles on X in characteristic zero [1, Part III]. First note that E=E(r, d)®L for some Leg*(l,0). Thus it is sufficient to treat the case E = E{r,d). We will use induction on r, the case r = 1 being trivial.
Step 1. Reduction to the case {r, Step 3. Assume (r, d) = 1, and r -p e with φ prime. First we show by induction on t, for 0 < t < p, that This is trivial for t = 1. For t >1, we write t = {t -1) + 1, and use the induction hypothesis. Thus
by [1, Thm. 14]. Now by the same method, we find that
where the Li are suitable line bundles of degree 0. By induction we may assume the proposition true for E(φ e~ι 9 d) 9 and so we conclude also for In characteristic p, we will need the following theorem of Oda. For a curve X over a field k of characteristic p, we define the frobenius morphism f : X-> X as the identity on the underlying topological spaces, and the p th power homomorphism on the structure sheaves. Proof of theorem in characteristic p > 0. Using condition (ii) of Proposition 1.2, it is sufficient to show if E is a bundle such that every quotient line bundle L has degree > 0, then E is ample.
We use induction on the rank r of £ If r = 1, then E is a line bundle of positive degree, hence ample. For indecomposable bundles of fixed rank r, we will also use descending induction on
By the induction on r, we may assume E is indecomposable. Then by "Proposition 1.2, deg£>0, and so by Lemma 1.1, H°{E)=ρO. Hence there is a non-zero map Λr -> E, which determines a sub-line bundle M of E such that either degM>0 or M=έ? x .
Let E' be the quotient, so we have an exact sequence
Since every quotient line bundle of E' is also a quotient line bundle of E, E' also satisfies our hypothesis, and so by induction on r, E' is ample. a quotient of E, the extension is non-trivial, so c ψ 0. Now E' being ample, is a direct sum of indecomposable bundles E[ of degree >0. So έ^Σέ;, with the E' t indecomposable of degree < 0. By the theorem of Oda, the frobenius map
is injective. In particular, f*(c) ψ 0, which implies that the sequence 0->& x ->f*E->f*E'->0
does not split. Note that rank f*E=r, and deg f*E=p.deg E > deg E, since degE>0. Furthermore, every quotient line bundle L of f*E has positive degree. Indeed, let f*E->L be a quotient line bundle. This induces a map ψ ' &χ -> L. This map cannot be an isomorphism, because then the sequence would split. Here we will prove that a bundle ion a complete non-singular curve X over C is ample, if and only if deg E' > 0 for every quotient bundle E' of E (including E itself). First we reduce to the case of a stable bundle, in the sense of Mumford. Then we use a theorem of Narasimhan and Seshadri to deduce that all the symmetric powers of a stable bundle are semi-stable. At this point we must work over the complex numbers. Now to prove that E is ample, we look at the tautological line bundle L on P(E), and we show that L is ample, using a new criterion for an ample divisor, due to Seshadri.
Recall that a bundle E on a curve X is stable if for every proper subbundle EΏE we have
The bundle E is semi-stable if only the weak inequality < holds. Proof: (i) =^> (ii). Assume (i), and let E be a bundle, all of whose quotients have positive degree. We use induction on the rank r of E. If r = 1, E is a line bundle of positive degree, and so is ample.
In general, let E have rank r. First suppose that E has an ample subbundle E r , and let E" be the quotient E\E r . Then every quotient bundle of E" has positive degree, and rank E" < rank E, so by the induction hypothesis, E" is ample. But then E is an extension of ample bundles, and so is ample itself.
Next we will show that if E has no ample subbundles, then E is stable. Hence by (i) we conclude that E is ample. To show that E is stable, we will show that every subbundle EΏE has degree <0. We use induction on s = rank£'. If 5 = 1, then E' is a line bundle.
We must have degis'^O, for otherwise E r would be ample. In general, let E' be a subbundle of rank s. Suppose deg £'>(). Then for any quotient E" of E\ we have also deg £" >0. Indeed, let E 0 = ker(E'-> E"). Then rank E 0 <s, so by induction deg£ o <0. Hence deg E" ^ deg E' > 0. But now, since rank E r < rank E, we can conclude by our first induction hypothesis that E r is ample. This is a contradiction, because we are assuming that E has no ample subbundles. Therefore deg£':<0, as required.
(ii) =ί> (i) If E is a stable bundle of positive degree, then every quotient bundle has positive degree also. Indeed, let 0
>E' >E >E" >0
be an exact sequence. Then
But the stability of E implies that deg£'<deg£. So deg£">0. We conclude by (ii) that E is ample. Proof. We will use some results of Narasimhan and Seshadri [9] relating stable vector bundles to certain group representations. Given integers <g, iV;> 1, we define a group π by generators a l9 b l9 , For the case n -N, the operation "associated vector bundle 55 gives a one-to-one correspondence between the equivalence classes •of special, irreducible, unitary representations of π and the isomorphism classes of stable vector bundles E on X of rank n, with -?z < deg £ ^ 0. Now for the proof of the proposition, let E be a stable vector bundle •on X, of rank n. Let L be a line bundle on X, such that - Proof Let E have rank r, and degree d > 0. We consider the associated projective bundle P{E), and the tautological line bundle L=^F (E) {1). For n sufficiently large, the functor JΓ* will be exact, since L is relatively ample for π. So we have an exact sequence of sheaves on X
To show that E is ample on X is equivalent to showing that L is ample on P(E) [4, 3.2], We will use the criterion of Seshadri to show that L is ample on P{E). Thus we must find an ε >0 such that (L.C)>εm{C) for every integral curve CQP(E).

Let π : P(E)->X
These are all locally free sheaves; the middle one, π*(L n ), is just S Λ {E),. Since π : C -> I is a finite morphism of degree m 9 we have
If M is any invertible sheaf on C, then one sees easily that degjr*M=: degM+ degπ*^.
In our case, deg^7 c ( 
This is true for all n sufficiently large, so we conclude that
On the other hand, since X is non-singular, m^m{C) 9 so we have Now if we take 0<ε<minΓl,-j we will have {L.C)>εm{C) for all curves C^P{E), which proves that L is ample. Hence E is ample on X. Proof. If E is ample, every quotient bundle E r of E is also ample, and so has positive degree. Conversely, to show that every bundle, all of whose quotients have positive degree, is ample, it is sufficient by Proposition 2.1 to consider only stable bundles. But if E is stable, and X is of genus at least 2 over C, then all the symmetric powers S n (E) are semi-stable, by Proposition 2.2. It follows from Proposition 2.3 that E is ample. For curves of genus 1, the result was proved in the previous section, and for curves of genus 0 it is trivial. §3.
An Example of Serre
In this section we give an example, due to Serre, of a non-singular curve X of genus 3 over a field of characteristic 3, and a bundle E of rank 2 on X, of degree 1, such that every quotient bundle of E has positive degree, but E is not ample. In this example, the Hasse-Witt matrix of X is identically zero.
Let k be an algebraically closed field of characteristic 3. Let X^P\ be the curve given by the homogeneous equation
One verifies easily that X is non-singular. Being a plane curve of degreee 4, it has genus 3.
LEMMA 3.1 The Hasse-Witt matrix of X is identically zero, i.e., the action of frobenius on H^X^x)
is 0.
Proof. Let g = x 3 y + y z z + z 3 x. Then we have an exact sequence
which gives rise to an isomorphism (1)
HKX, έ?z) -> H*(P, aTpi-4)).
This latter vector space, according to the explicit calculations of cohomology on protective space, has a basis consisting of the "negative monomials" of degree 4 namely degree 4, namely So by counting dimensions, there is a ξ ψ 0 in H ι {X,έ? x {-P)) with"/*(£) = 0. Let E be the corresponding bundle. Then every quotient bundle of E has positive degree (as we have seen), but E is not ample, because f*E has & x as a quotient, and so cannot be ample. On the other hand, E is ample if and only if f*E is ample, by [4, 4.3], Remarks. 1. The same construction would work on any curve X of genus g, over a field of characteristic p > 0, such that the rank σ of the Hasse-Witt matrix of X satisfies σ < g -p + 1. is injective for all ample bundles E? Is it sufficient that the Hasse-Witt matrix of the curve be non-singular? §4.
The bundle
Curves in Abelian Varieties
Let X be a subvariety of an abelian variety A. We say that X generates A if the set of differences {x λ -x z \x l9 x 2^X ] generate A as a group.
In this section we show that if X is a non-singular curve in an abelian variety A, which generates A 9 then the normal bundle to X in A is ample. In fact, our result is more general: it applies to any non-singular variety X in an abelian variety A, such that every curve in X generates A. We also give two applications.
We need the following result of Gieseker: Here we let dim A = n, so dim H = n -1. But F is likewise a coherent sheaf on A -X, so H n~2 (A -X,F) is infinite-dimensional.
PROBLEM.
Find necessary and sufficient conditions on a subvariety X of an abelian variety A for the result of the Corollary to hold. 
